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Abstract We prove the hydrodynamic limit for a particle system in which particles may
have different velocities. We assume that we have two infinite reservoirs of particles at the
boundary: this is the so-called boundary driven process. The dynamics we considered con-
sists of a weakly asymmetric simple exclusion process with collision among particles having
different velocities.
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1 Introduction

Interacting particle systems have been the subject of intense studies during the last 30 years
due to the fact that, in one hand, they present many of the collective features that are found
in real physical systems, and, in the other hand they are, up to some extent, mathemati-
cally tractable. Their study has led in many cases to a more detailed understanding of the
microscopic mechanisms behind those collective phenomena. We refer to [14] for further
references, and to [5] for recent results.

Since their introduction by Spitzer [21], the simple exclusion process and the zero-range
process have been among the most studied interacting particles systems, and they have
served as a test field for new mathematical and physical ideas.

In the last years there has been considerable progress in understanding stationary non
equilibrium states: diffusive systems in contact with different reservoirs at the boundary
imposing a gradient on the conserved quantities of the system. In these systems there is a
flow of matter through the system and the dynamics is not reversible. The main difference
with respect to equilibrium (reversible) states is the following. In equilibrium, the invariant
measure, which determines the thermodynamic properties, is given for free by the Gibbs
distribution specified by the Hamiltonian. On the contrary, in non equilibrium states the
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construction of the stationary state requires the solution of a dynamical problem. One of
the most striking typical property of these systems is the presence of long-range correla-
tions. For the symmetric simple exclusion this was already shown in a pioneering paper by
Spohn [22]. We refer to [4, 7] for two recent reviews on this topic.

The hydrodynamic behavior of the one-dimensional boundary driven exclusion process
was studied by [9, 10] and [15]. Also, Landim, Olla and Volchan [17] considered the behav-
ior of a tagged particle in a one-dimensional nearest-neighbor symmetric exclusion process
under the action of an external constant, and made connections between the behavior of a
tagged particle in this situation and a process with infinite reservoirs.

We consider a stationary non-equilibrium state, whose non-equilibrium is due to external
fields and/or different chemical potentials at the boundaries, in which there is a flow of
physical quantities, such as heat, electric charge, or chemical substances, across the system.
The hydrodynamic behavior for this kind of processes in any dimension has been solved
by [9, 10]. Nevertheless, they have solved this problem only for the case where the unique
thermodynamic observable quantity is the empirical density.

Our goal is to extend their results to the situation when there are several thermodynamic
variables: density and momentum. We show that the system can be described by a hydrody-
namic equation: fix a macroscopic time interval [0, 7], and consider the dynamical behavior
of the empirical density and momentum over such an interval. The law of large numbers for
the empirical density and momentum is then called hydrodynamic limit and, in the context
of the diffusive scaling limit here considered, is given by a system of parabolic evolution
equations which is called hydrodynamic equation. Once the hydrodynamic limit for this
model is rigorously established, a reasonable goal is to find an explicit connection between
the thermodynamic potentials and the dynamical macroscopic properties like transport co-
efficients. The study of large deviations provides such a connection. The dynamical large
deviation for boundary driven exclusion processes in any dimension with one conserved
quantity has been recently proved in [11].

The dynamical large deviations for the model with many conserved quantities is stud-
ied in [12], and the hydrodynamic limit obtained in this article is important for such large
deviations.

Let the set of possible velocities, V, be a finite subset of R4, and for a point x =
(x1,...,x5) € RY, let ¥ = (x3,...,x4). The model which we will study can be infor-
mally described as follows: fix a velocity v € V, an integer N > 1, and boundary densities
0 <ay(-) <1and 0 < B,(-) < 1; at any given time, each site of the set {1,..., N — 1} x
{0,..., N — 1}¢7! is either empty or occupied by one particle at velocity v. In the bulk,
each particle attempts to jump at any of its neighbors at the same velocity, with a weakly
asymmetric rate. To respect the exclusion rule, the particle jumps only if the target site at
the same velocity v is empty; otherwise nothing happens. At the boundary, sites with first
coordinates given by 1 or N — 1 have particles being created or removed in such a way that
the local densities are «,(X) and §,(X): at rate o, (X/N) a particle is created at {1} x {x}
if the site is empty, and at rate 1 — o, (¥) the particle at {1} x {x} is removed if the site is
occupied, and at rate 8,(X) a particle is created at {N — 1} x {x} if the site is empty, and at
rate 1 — B, (X) the particle at {N — 1} x {x} is removed if the site is occupied. Superposed
to this dynamics, there is a collision process which exchange velocities of particles in the
same site in a way that momentum is conserved.

Similar models have been studied by [1, 8, 20]. In fact, the model we consider here
is based on the model of Esposito et al. [8] which was used to derive the Navier-Stokes
equation. It is also noteworthy that the derivation of hydrodynamic limits and macroscopic
fluctuation theory for a system with two conserved quantities have been studied in [3].
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Under diffusive time scaling, assuming local equilibrium, it is not difficult to show that
the evolution of the thermodynamic quantities is described by the parabolic system of equa-
tions

- 1
%o, p)+ Y T[v-VF(p. p)]= 580, p), (1.1)
vey
where v = (1, vy, ..., vg), p stands for the density and p = (p1, ..., ps) for the momentum.

F is a thermodynamical quantity determined by the ergodic properties of the dynamics.

Therefore, the purpose of this article is to define an interacting particle system whose
macroscopic density profile evolves according to the partial differential equation given by
(1.1) with initial condition

(0, P)(O,-) = (po, pp)(-) and (p, p)(t,x) = (o, p)p(x), x€dD,

with D being a suitable domain, and the equality on the boundary being on the trace sense.

This equation derives from the underlying stochastic dynamics through an appropriate
scaling limit in which the microscopic time and space coordinates are rescaled diffusively.
The hydrodynamic equation (1.1) thus represents the law of large numbers for the empirical
density and momentum of the stochastic lattice gas. The convergence has to be understood
in probability with respect to the law of the stochastic lattice gas. Finally, the initial condi-
tion for (1.1) depends on the initial distribution of particles. Of course many microscopic
configurations give rise to the same initial condition (0o, py)(-).

The article is organized as follows: in Sect. 2 we establish the notation and state the
main results of the article; in Sect. 3, we prove the hydrodynamic limit for the particle sys-
tem we are interested in; the proof of a Replacement Lemma needed for the hydrodynamic
limit is postponed to Sect. 4; in Sect. 5 we prove the uniqueness of weak solutions of the
hydrodynamic equations also needed for the hydrodynamic limits.

2 Notation and Results
Let ’]I‘]dv ={0,...,N — 1}¥ = (Z/NZ)? be the d-dimensional discrete torus, and let D¢ =

Sy X ’JI“,{,_I, with Sy = {1,..., N — 1}. Further, denote the d-dimensional torus by T¢ =
[0, )¢ = (]R/Z)d, and let D? = [0, 1] x T¢~!. Moreover, let V C R be a finite set of veloc-

ities v = (vy, ..., vg). Assume that V is invariant under reflexions and permutations of the
coordinates:

Wi, .- Visr, =V, Vg, .-, V) and (U1, - -5 Vo (a))
belong to V for all 1 <i <d, and all permutations o of {1,...,d}, provided (v, ..., vy)
belongs to V.

On each site of D;‘f,, at most one particle for each velocity is allowed. We denote: the num-
ber of particles with velocity v € V at x € D%, by n(x, v) € {0, 1}; the number of particles in
each velocity v at asite x by n, = {(x, v); v € V}; and a configuration by n = {n,; x € D% }.
The set of particle configurations is Xy = ({0, I}V)Dg/.

On the interior of the domain, the dynamics consists of two parts: (i) each particle of
the system evolves according to a nearest neighbor weakly asymmetric random walk with
exclusion among particles of the same velocity, and (ii) binary collision between particles
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of different velocities. Let p(x, v) be an irreducible probability transition function of finite
range, and mean velocity v:
pr (x,v) =v.
X

The jump law and the waiting times are chosen so that the jump rate from site x to site x +y
for a particle with velocity v is

1< 1
Pu(y,v) = 5 3 Bre; 8y ) + P00,
j=1

where §, , stands for the Kronecker delta, which equals one if x = y and 0 otherwise, and
{el,...,eq) is the canonical basis in R¢.

2.1 The Boundary Driven Exclusion Process

Our main interest is to examine the stochastic lattice gas model given by the generator £y
which is the superposition of the boundary dynamics with the collision and exclusion:

Ly=N*Lh+ L5+ L5, Q2.1

where LZ?V stands for the generator which models the part of the dynamics at which a particle
at the boundary can enter or leave the system, £, stands for the generator which models the
collision part of the dynamics and lastly, £{; models the exclusion part of the dynamics.
Note that time has been speeded up diffusively in (2.1).

Let f be a local function on X . The generator of the exclusion part of the dynamics,
LS, is given by

LEHM =D Y 0, v = 0Py —x,0) [ f0"") = fF()],
VeV x.zeDY
where

n(y,v) ifw=vandz=ux,
ﬂx,y,v(z, w): n(x,v) ifw:vandzzy,
n(z, w) otherwise.

We will often use the decomposition
Lo _Eex,l Eex,Z
N =Ly Ly
where

. 1 i
CYIHW=353 3 Gl =0l [fo ) = fo],

VEV | epd
x,«.EDN
lz—x|=1

and

1 .
CRP N =17 Y7 06wl =n@v)lpe —x,v [f0") = f].

VeV x zeDd,
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The generator of the collision part of the dynamics, £, is given by

Ly HM =Y > poham[f0r ) - fm)],

yeD;{/ qeQ
where Q is the set of all collisions which preserve momentum:
O={g=@,w,v,w)eV':v+w=1v 4w},
the rate p(y, g, n) is given by

P g, m) =0y, V)nk, w)l -y, V)1 —ny,w)],

and for g = (vg, v1, V2, v3), the configuration 1”7 after the collision is defined as

17 (z, u) = ny,vj2) ifz= y and u = v; for some 0 < j <3,
' n(z,u) otherwise,

where the index of v, should be taken modulo 4.

Particles of velocities v and w at the same site collide at rate one and produce two parti-
cles of velocities v" and w’ at that site.

Finally, the generator of the boundary part of the dynamics is given by

LR HM = DD oy (F/NI=nlx, )]+ (1 — &/ N)nx, L (@ n) = F)]

d vey
xeDy,
x1=1

+ ) Y IBGE/NI = n(x,v)]
xepd, veV
X1:N1\il

+ (1= Bu(xX/N)n(x, vILf(@n) = fF],

where X = (x2, ..., Xx4),

1—nkx,w), if w=vandy=x,
Xx,v _
oy, w) = { n(y, w), otherwise.

and for every v € V, a,, B, € C?(T“~"). We also assume that, for every v € V, o, and B,
have images belonging to some compact subset of (0, 1). The functions «, and 8,, which
affect the birth and death rates at the two boundaries, represent the densities of the reservoirs.

Let {n(z), t > 0} be the Markov process with generator £y and denote by {StN ,t >0} the
semigroup associated to Ly .

Let D(R,, Xy) be the set of right continuous functions with left limits taking values
on X . For a probability measure p on Xy, denote by P, the measure on the path space
D(R,, Xy) induced by {n(¢) : t > 0} and the initial measure . Expectation with respect to
P, is denoted by E,,.

2.2 Mass and Momentum

For each configuration & € {0, 1}V, denote by Iy(&) the mass of £ and by I;(§),k=1,...,d,
the momentum of &:

LE =) Ev), LE=) vuE).

vey vey
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Set I(§) := (Iy(§), ..., 1;(§)). Assume that the set of velocities is chosen in such a way that
the unique quantities conserved by the random walk dynamics described above are mass and
momentum: Y . 4 I(n,). Two examples of sets of velocities satisfying these conditions
can be found in [8].

For each chemical potential A = (Ao, ..., Ay) € R‘!, denote by m; the probability mea-
sure on {0, 1}V given by

1
= P | 2.2
m; (§) = 70 ——exp{r-I(5)}, (2.2)
where Z(A) is a normalizing constant. Note that m; is a product measure on {0, 1}V, i.e.,
that the variables {£ (v) : v € V} are independent under 1, .
Denote by ufkv the product measure on Xy, with marginals given by

pydn i n(x, ) =& =my (&),

for each & in {0, 1}” and x € D%. Note that {n(x,v) : x € D4, v € V} are independent
variables under 1}, and that the measure p2 is invariant for the exclusion process with
periodic boundary condition.

The expectation under lev of the mass and momentum are given by

p) = En[l()] =) 6,00,

vey

P = E i [Ln)] =) uby (M)
vey

In this formula 6, (A1) denotes the expected value of the density of particles with velocity v
under m, :

exp{io + ZZ:I AkUk)
1+ exp{io + Y evi)

Denote by (p, p)(A) := (p(A), p1(XA), ..., ps(X)) the map that associates the chemical
potential to the vector of density and momentum. It is possible to prove that (p, p) is a
diffeomorphism onto {4 C R**!, the interior of the convex envelope of {I(£), £ € {0, 1}V}.
Denote by A = (A, ..., Ag) : 4 — R*! the inverse of (p, p). This correspondence allows
one to parameterize the invariant states by the density and momentum: for each (p, p) in
we have a product measure v/’)\fp = ,uX(M,) on Xy.

gv (X) = Eml [g(v)] =

2.3 Hydrodynamic Limit for the Boundary Driven Exclusion Process

Fix pg: D? — R, and p, : D? — R?, where py = (po.1, - .., Po.a). We say that a sequence
of probability measures (1 )y on Xy is associated to the density profile py and momentum
profile p,, if, for every continuous function G : D¢ — R and for every § > 0,

1
1\}520“ [77 N,, Z G(%)h(m) —/DdG(u)po(u)du >6] =0,

d
€D N

and forevery 1 <k <d

1
NIEI;OM |:)7 ‘N‘i Zj G(%)Ik(ﬂx)—/m G (u) pox(u)du

xeDy,

>8:|:0.
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Hydrodynamic Limit for a Stochastic Lattice Gas Model 225

Fix T > 0 and let (B, | - || z) be a Banach space. We denote by L?([0, T], B) the Banach
space of measurable functions U : [0, T] — B for which

T
e / WU 2dt < oo,
0

L2([0,T1,B) —

Moreover, we denote by H'(D?) the Sobolev space of measurable functions in L?(D?) that
have generalized derivatives in L>(D?).
For x = (x1, %) € {0, 1} x T¢~!, let

d) = {a()?) =3 e (@ (F), viey(F), ..., va0ty (), if x; =0, 03

b(E) =3 ey (Bo(D), 118y (X), ..., vaPy(X)), ifxp = 1.

Fix a bounded density profile py : DY — R, and a bounded momentum profile p, :
D¢ — R?. A bounded function (p, p) : [0, T] x D¢ — R, x R? is a weak solution of the
system of parabolic partial differential equations

:a,<p,p) + 3 e 0l VX @ (Alp, )] = 1A, p). o4

(0, P)(O0,) = (po, p))() and (o, p)(t,x) =d(x), x€{0,1} x T,

where x (r) =r(1 —r) is the static compressibility, if for every vector valued function H :
[0, T] x DY — R of class C''2([0, T] x D?) vanishing at the boundary, we have

/H(T,u)-(p,p)(T,u)du—/ H (0, u) - (po, po)(u)du
D4 D

= Td d 9, H ! 9> H
—/0 t/Dd u{(p,p)(t,u)-, (t,u)+5(p,p)(z,u)- Z i (t,u)}

1<i<d

1T I
——/ dt/ ds b(ﬁ)-aulH(t,u)—f-—/ dt/ dS a(u) -0, H(t,u)
2 Jo {1}xTd~1 2 Jo {0}xTd~1

T
~[Car [ aw Y500 Y vt Hw,
0 D¢

vev 1<i<d

d S being the Lebesgue measure on T4,
We say that the solution (p, p) has finite energy if its components belong to

L*([0,T], H (D%)):
T
/ds</ ||Vp(s,u)||2du><oo,
0 D

T
/ds(/ ||Vpk<s,u>||2du><oo,
0 D4

fork=1,...,d, where V f represents the generalized gradient of the function f.
In Sect. 5 we prove that there exists a unique weak solution of the problem (2.4).

and

Theorem 2.1 Let (u™)y be a sequence of probability measures on Xy associated to the
profile (po, py). Then, for every t > 0, for every continuous function H : DY — R vanishing
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at the boundary, and for every § > 0,

1 X
N Z H<N)Io(m(t)) - /Dr’ Hu)p(t, u)du

d
xeDy,

Nlim P~ |: > 6] =0,
—00

andfor1 <k <d

lim P, [

N—oo

1
Vi Z H(%)Ik(nx(r»—/DJH(u)pk(t,u)du >5} =0,
xeD

N

where (p, p) has finite energy and is the unique weak solution of (2.4).

The strategy to prove Theorem 2.1 is to use a replacement lemma, together with some
estimates on Dirichlet forms and entropies for this boundary driven process.

3 Hydrodynamic Limit for the Boundary Driven Process

Fix T > 0, let M be the space of finite positive measures on D¢ endowed with the weak
topology, and let M be the space of bounded variation signed measures on D endowed
with the weak topology. Let M, x M¢? be the cartesian product of these spaces endowed
with the product topology, which is metrizable.

Recall that the conserved quantities are the mass and momentum presented in Sect. 2.2.

For k =0,...,d, denote by 7k the empirical measure associated to the kth conserved
quantity:
1
T DR AN QIS 3.1)
xGD%

where §, stands for the Dirac measure supported on u. We denote by (kN H) the integral

of a test function H with respect to an empirical measure 7FN, and let (f, g), be the inner
product in L?(v) of f and g:

(r.e= [ feav

Let D([0, T], M, x M%) be the set of right continuous functions with left limits tak-
ing values on M, x M?. We consider the sequence (Qy)y of probability measures on
D([0, T], M x M¢) that corresponds to the Markov process n,N = (n,O‘N, e, n,d’N) start-
ing from py .

Let V be an open neighborhood of D?, and consider, for each v € V, smooth functions
kg :V—(0,1)in C*(V),fork=0,...,d. We assume that each K has its image contained
in some compact subset of (0, 1), that the restriction of x = Zvev(x(’j, VK], ..., Vgky) tO
{0} x T~! equals the vector valued function a(-) defined in (2.3), and that the restriction of
K to {1} x T¢~! equals the vector valued function b(-), also defined in (2.3), in the sense that
k(x) =d(x1, %) if x € {0, 1} x T¢~1.

‘We needed to introduce the smooth function « to be able to obtain some entropy estimates
(see the next subsection) that are essential in the proof of the hydrodynamic limit.

Further, we may choose « for which there exists a constant § > 0 such that:

K@y, u)=d(=1,u) if0=<u <60,
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Hydrodynamic Limit for a Stochastic Lattice Gas Model 227

Kk, u)=d(l,n) ifl—0<u; <l1,

for all 1 € T¢~!. In that case, for every N large enough, v,ﬁv is reversible for the process with
generator £} and then (—=N2LY, f, f),v is positive.
We then consider v the product measure on Xy with marginals given by

v {ninCx, ) =&} =mawu©),

where m; (-) was defined in (2.2). Note that with this choice, for N sufficiently large, we
have that if x € {1} x T4", then E v[1(x, v)] =, (X/N) and if x € {N — 1} x T{', then
E n[n(x,v)] = By(X/N).

3.1 Entropy Estimates
Let us recall some definitions. Recall that S¥ is the semigroup associated to the generator

Ly = N*(LS + LS + £%). Denote by f, = £ the Radon-Nikodym derivative of xS
with respect to vY. For each function f : Xy — R, let Dy (f) be

Dy (f) =Dy (f) + Diy (f) + Dy (f),

where
PANH=33 PN(Z—x,v)/[W_W]zug(dn),
”vaeDf, zEDjlv
quxeD‘jfl
and

DhypH=3 Y /[av(i/N)(l —n(x, ) + (1 — @y (F/N)n(x, v)]

VeV ref1xTd !

x [VF @ v = VFm v dn)

+> Y /[ﬁv(i/N)(l —n(x,v)) + (1 = B, (F/N)n(x, v)]

VEV xe(N—1)x T4

x [V F @ n) =V Fm PN @n.

Proposition 3.1 There exists a finite constant C = C («, B) such that

o H (NS vy < =N*Dy (f) + CN?. (32)

Proof Denote by L* the adjoint operator of £y with respect to v. Then, f; is the solution
of the forward equation

3 fi = N2LE f,,

fo=du® jdvY.
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Thus,
dHWSN W) = /Nzﬁjf,logf,dv,f'+/N2£jf,dv£v:/f,N2£Nlogf,dv,ﬁv

- NZ/f,(ﬁN log f, - cf;ﬁ)dvy N [ euga
Jt

Note that the last term is the price paid for not using an invariant measure.
Since for every a, b > 0, alog(b/a) — (b — a) is less than or equal to —Whb—- Ja)?, for
every x,y € D%, we have

RS, o8 i = £55,, i = = Puty = x 0 [VEGD ~ V]

where £ f =n(x,v)[1 —n(y,v)]Pv(y —x,v)[f(1""") — f(n)]. An analogous calcu-

X,y,v
lation for the other parts of the generator permits to conclude that

szf,(ﬁN log f; — ‘Cl}f’>dv5 <—N’D,y(f).

To conclude the proposition we need a bound for N? [ Ly f;dvY . Let us write it explicitly:

N2/cNf,du N2/(£“'f,+£”2f,+£ fi + L5 fdvy.

Now, we compute each term inside this integral separately.

szce*‘ftdv —szZZZf(n— Ve + utey) = F(MId

VeV xepg, j=1
d
N2/Z Z Z[f('? - ax,v +0xfe_,-,v) - f(’l)]dv,iv,
vev XGD% Jj=1

where 0, , represents a configuration with one particle at position x and velocity v, and no
particles elsewhere. Then, if we let

Yrw =00 (MK (x))) /(1 = 0, (A(K (x)))),

the change of variables 7 — 0, , + dy4e;.» = &, changes the measure as dv () /dv)) (§) =
Yrw/Vate; 0 Hence, after changing the variables, we obtain

NZ/ll”lf,dv NZZZ/ Z[ Fry l]ft(n)deN

vey j=1 x+e] v

Yy / Z[ Yo —1]fz(n)dvév

veV j=1" xepd Vi—ejv

_22/2 Ayy(x, U)f( )dv

veV j=1" repf
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O DI ”‘y( Y v

vey hED‘i

xll

a
NI “‘yy(x D faand.

veY )LeDd x,v

X]Nl

Since ., is smooth and does not vanish, we can bound the above quantity by C;N¢,
where C is a constant depending only on « and . By a similar approach, one may conclude
that

N2/EeX2f;dU <ZZU] Z au V(X U)

vey j=1 xeD‘j

which is clearly bounded by C,N¢, where C, is a constant depending only on & and S.

‘We now move to the generator with respect to collision. The change of variables n”¢ = &
changes the measure as dv (17)/dvY (§) = (Vy.vVy.w)/ (Vyw Vyur), Where v+ w =0+ w'.
Then, clearly, (vy,0¥y,w)/(Vy,v¥y,u) = 1, and therefore

NZ/L:;Vﬁdu;V =0.

Lastly, we note that the change of variables 0" = & changes the measure dv" (n)/
dv¥(€) = a,(X/N)/(1 — ay(X/N)) or (I — a,(¥/N))/a,(¥/N), depending on whether
there is or there is not a particle at the site x with velocity v, and analogously for 8. There-
fore, a simple computation shows that

N? / L4 frdv =
which concludes the Proposition. ]

Proposition 3.2 There exivt constants C; > 0 and C, = Cy(, B) > 0 such that for every
density f with respect to vY, then

(LN A fly < =CiDy () + CN'2

Proof A simple computation permits to conclude that D¢ 9 and Db are both non-negative.
Finally, the computation for D” follows the same hnes as those on the proof of Proposi-
tion 3.2, and on Lemmas 3.4 and 3.5, and is therefore omitted. O

3.2 Replacement Lemma for the Boundary

Fix k =0, ..., d, a continuous function G : [0, T] x T¢~! — R4*! and consider the quan-
tities
Vi G)=—= Y Gis,¥/N) (Ikom 5(s) — kaau(x/zv>>
xeij, 1 vey
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1
Vi 8.6 =577 D Gk<s,f/N)(Ik(mN_l,;)(s))—kaﬂu@/m),

= _md—1 vevy
xeTy

1 1 Ne—1
Vi@, n, @, G) = N1 > Giuls. ®) (11((77(1,2)(5)) ~Ne > Ik(’](l,i)(s))>,

feTd ! 1=l
and
1 1 N-1
Vi B.G =17 D Gk(s,)z)(u(nw_l,;)(s»—m > Ik(mN_l.f)(s»),
x1=N(l—€)—1

~ _md—1
xeTy,

where s € [0, T'], and Gy, 0 < k < d are the components of function G.
The main result of this subsection is the following Lemma:

Lemma 3.3 Foreach0<t<T,0<k<d,and G :[0,T] x D? — R continuous,

t
limsupEuN|: / dstJ(s, n,¢, G)H =0,
0

N—o00

where j =1,2,and { =, B.

Proof 1t is clear that ij is bounded for each 0 <k <d, and j = 1, 2. By the entropy in-

equality,
t .
EMN|: / dsV!(s,n,¢, G)H
0

N|,,N
_HEWY) 1
-  ANd AN

t .
—log E, [exp”/ dsAN‘V] (s,n, ¢, G)H],
0

for all A > 0. We have that the first term on the right-hand side is bounded by CA™!,
for some constant C. To prove this result we must show that the limit of the sec-
ond term is less than or equal to 0 as N — oo for some suitable choice of A > 0.
Since el < e* +¢7* and limsupy_, .. N ¢ log{ay + by} < max{limsup,_, ., N~ log(ay),
limsupy_, .. N~¢log(by)}, replacing ij by —ij , or more precisely, replacing G by —Gy,
we only need to prove the previous statement without the absolute values in the expo-
nent. Let W (s) = AN“ ij (s, 1, ¢, G). Then, by Feynman-Kac’s formula (see, for instance,
[2, 14]), we have

4 .
E, [exp{/ dsANV/! (s, n.¢, G)” = (So 1, 1) v

0

where SSV";" is a semigroup associated to the operator £ = Ly + W, (1), for more details see
[14, A.1.7], see also [2]. Then, by Cauchy-Schwarz

w

(Sor 1, Dy < (S,

Wi 111/2
tk]’SO,rAl)u;V'

On the other hand, since W; is bounded, the adjoint in L>(vY) of £V, L;"*, is equal to
Ly + Wi(t). We have that
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A (SIS = (e + L) ST ST
=2(L % SFLL S v < A () (S5 1L S D) v

where A, (s) = sup {(Wi(s), 1)y + (L f, f)UKN}. Therefore, we obtained that

L20N)=1

/ dsAN'V{! (s, n,¢, G)H]
0

(EN\/Tv \/7)1;,1(\’ }
ANdfz

1
AN log E,» [exp{

- / dssup{ / V(5,12 G) fn(s)dvY +
0 f

In this formula the supremum is taken over all densities f with respect to v,ﬁv , and recall that
(f, g), stands for the inner product in L>(v) of f and g. An application of Proposition 3.2
permits to conclude that (Ly+/F, +/f) , is bounded above by CN 4=2 where C > 0 is some
constant. Thus, if we choose, for instance, A = N, the proof follows from an application of
the auxiliary Lemmas 3.4 and 3.5 given below. ]

Lemma 3.4 For every 0 <t <T, 0 <k <d, and every continuous G : [0, T] x T*"! —
H§d+l,

t
limsup E , v |:/ dsVi(s,n,¢, G):| =0,
0

N—o0

where { = a, B.

Proof We will only prove for «, since for 8 the proof is entirely analogous. Note that G is
continuous and its domain is compact, hence, we may prove the above result without G. Set
f,=1/t fot fsds. With this notation we can write the expectation above, without G, as

e | 7,(n>[1k<n<1,;>—Zuka,,oz/zv)]dvy

= omd—1 vey
xeTy

:# ) ka/ﬁ(n) [n((1, %), v) — &, (X/N)]dv}.

~ _md—1 vEV
xeTy,

Then, splitting the integral into the integral over the sets [n((1,X),v) = 0] and
[n((1, X), v) = 1], and changing the variables as 1 — n(xy, v) = £, we obtain

ﬁ Z /?z(n)[lk(ﬂ(l,i)—kaau(i/N)]dvﬁv

s omd—1 vey
xeTy

=ﬁ > kawa[7[(77)—7,<n—o(1,;>,v>]dv£,

= _md—1 vEV
xeTy,

where

Poy=ay(x/N)(1 = n((1,X),v)) + (I — oy (x/N))n((1, X), v).
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Writing {a — b} = {f,(n) — £, (1 — 0 5).,)} as {v/a — v/b}{s/a ++/b} and applying Cauchy-

Schwarz, the above expression is bounded by
2t Zvev Uk !

S+ AP (),

where Dup/, b(?,) is the Dirichlet form of ?t with respect to L},’\,. Then, choosing A = VN,
the proof of the Lemma follows from an application of Proposition 3.2 together with the fact
that the Dirichlet form is convex. O

The next Lemma concludes the boundary behavior of the particle system.

Lemma 3.5 Foreach0<t<T,0<k<d,and continuous G : [0, T] x D¢,

t

lim sup lim sup EQ’ |:/ dstz(s, n, ¢, G)i| =0,
e—0 N—o0 0

where { =, B.

Proof First of all, note that since G is continuous and its domain [0, 7] x D?is compact, it

is enough to prove the result without the multiplying factor G. Moreover, we will only prove

the first limit above, since the proof of the second one is entirely analogous. Considering the
notation used to prove Lemma 3.4, we may write the expectation above, without G, as

Ne—1
— > /[Ik(ﬂ(l H)— Z L (N, x))]dv

“le xll

‘We now obtain, by a change of variables and a telescopic sum, that the absolute value of the
above expression is bounded above by

=D Nil im / [7, (]] T, (n)) ~fi (]‘[] T, (n)>:|dv:’

XETd 1 y=1 x1=1 i=1
where K is a constant which depends on «r, B and d, z; =1, ..., z,_; =y is the path from
the origin to y across the first coordinate of the space, and 7, (1) - - - T, (1) is the sequence of
nearest neighbor exchanges that represents the path along zy, ..., z;. By Cauchy-Schwarz,

this expression is bounded above by

Ne—1 y—1 X1 x1—1
/{ 7,<]_[rzi<n)>— f,<1_[r (n))}
femd! y=1 x1=1 i=1

Ne—1 y—1 X1 x1—1
ANd 1 Z Z ZK1/|: ( 7:;'('7)) _71< Tz,-(']))i|dv

xETd 1 y=1 x1=1 i=1 i=l

for every A > 0. Now, we can bound above the last expression by

tAK, t 2N€
D (T +
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for every A > 0, where K is a constant that depends on K. Then, choosing A = /€ N and
applying Proposition 3.2, we conclude the proof of this Lemma. ]

3.3 Tightness

To prove tightness of the sequence (Qy)y, it is enough to prove that for every k =0, ...,d
lim lim sup &, IZHXI((t)) IZHXI(()) 0
im lim su sup |— — (1) — — — (s =0,
8->0 N oop ! \I—S\Iié Nt —~ N ) Nd ~ N )

xeDy xeDy

for any smooth test function H : D? — R vanishing at the boundary.
Fix 0 < k <d, then, by Dynkin’s formula

MF = (zEN HY — (2 — /cm LN CHyds (3.3)
0

is a martingale. On the other hand,

E,~ (M =E,~ [/ {Ly(xEN, H)? 2<nf’N,H>£N<nf’N,H)}ds].
0

Writing the above expression as four sums, the first corresponds to the nearest neighbor
symmetric exclusion process and the other corresponds to the asymmetric exclusion process,
the third and fourth corresponding to the collision and boundary parts of the dynamics,
respectively. A long, albeit simple computation shows that all of these sums are of order
O(N~9), and therefore, the right-hand side of the above expression is of the same order.
Thus, by Doob’s inequality, E,, v [sup,,.,(M$)*] = O(N ).

Hence, by (3.3) and the above estimates, we have

NdZ ( )Ik(nxa))

xGDd

N,, > ( )Ikou(s))

xeDd

Z > Z/ P, v)vn (0, v)[1 =1, (2, v)]z,(au,m( )

= ”GDd vey

sz Z / (AH)( )1k<m<r)>dr+ Z / au1H< )Ik(nx(r))dr

xeD
x|= N 1

Nd : Z/ au1H< >1k<nx(r>)dr+RN+O(N*d>+O<N*'>,

xEDd
xX|= 1

where the terms were obtained from Ly (75", H) by means of summation by parts, and
the replacement of discrete derivatives and dlscrete Laplacian by the continuous ones, and
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Ry is the error coming from such replacements. Since p is of finite range, the error Ry is
uniformly of order O(N~!). Finally, by using Lemma 3.3 and a calculation similar to the
one found in (3.10), we have that £ (z*V, H) = O(N~"). Tightness thus follows from the
above estimates.

Our next goal is to prove the replacement lemma. To do so, we need the following result
known as equivalence of ensembles, which will be used in the proofs of the one block
estimate and of the two block estimate.

3.4 Equivalence of Ensembles

Fix L > 1 and a configuration 7, let I (x, n) := I"(x) = (I} (x), ..., 1F(x)) be the average
of the conserved quantities in a cube of the length L centered at x:

1
IL<x>=m > I,
zex+Ap

where, A, ={—L,...,L}¥ and |A;| = 2L + 1)? is the discrete volume of box A;.
Let 0, be the set of all possible values of I*(0, ) when 7 runs over ({0, 1}¥)AL, that is,

0, = {170, n): n € ({0, 1}V1) ).

Note that 2 is a finite subset of the convex envelope of {I(§) : & € {0, 1}V}. The set of
configurations ({0, 1}Y)A~ splits into invariant subsets: for i in U, let

Mo () = {n e (10, 1)) - 120) = i),

For each i in U, , define the canonical measure v;, ; as the uniform probability measure on
H (). Note that for every A in R+!

v () =pyt (- [T =),

Let (g; f), stands for the covariance of g and f with respect to w: (g; /), = E,[fg] —
E,[f1Elg]-

Proposition 3.6 (Equivalence of ensembles) Fix a cube Ay C Ay. For each i € 0, de-
note by v¢ the projection of the canonical measure Va, i on Ay and by ut the projection
of the grand canonical measure ,ufm.) on Ny. Then, there exists a finite constant C(€,V)),
depending only on £ and V, such that

IElf1— Eplfl] < S8

Y
|AL| <f7 f>ﬂé
for every function f : ({0,1}V)2 - R,

The proof of Proposition 3.6 can be found in Beltrdn and Landim [1].

3.5 Replacement Lemma

We now state the replacement lemma that will allow us to prove that the limit points Q are
concentrated on weak solutions of (2.4).
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Lemma 3.7 (Replacement lemma) Forall§ >0,1<j<d,0<k <d:

e—0 N—oo

T 1 .
limsuplimsup P, v |:/ ~i Z Ty VGJNk(ﬂ(S))ds > 8i| =0,
0
eDnd

where

i 1
VIt = ‘W DoY) we ) piw)ziT MO, vl =iz, v))

YEALVEV  ze7d

- Zv,»vu(e,,(z\(ﬂ(onn‘. (3.4)

vey

Note that Véjj;,k is well-defined for large N since p(-, v) is of finite range. We now observe
that Propositions 3.1 and 3.2 permit us to prove the following replacement lemma for the
boundary driven exclusion process by using the process without the boundary part of the
generator (see [18] for further details). We postpone the rest of the proof to Sect. 4.

3.6 Energy Estimates

We will now define some quantities to prove that each component of the solution vector
belongs, in fact, to H'([0, T] x D?). The proof is similar to the one found in [15].
Let the energy Q : D([0, T], M) — [0, co] be given by

d
Q(m) =) Qi(m),
i=1

with

T T
Qi(m)=sup {2/ dr(nt,au[G»—f / duG(r,u)z},
GeCX(Qr) 0 0o Jpd

where Q7 = (0, T) x D and C2°(Q2r) stands for the set of infinitely differentiable functions
(with respect to both the time and space) with compact support in 7. Let now, for any
GeCX(Qr),1<i<dand C >0, ch : D([0, T], M) — R be the functional given by

T T
QZGC(T[):/ dS(T[S, au,-Gs> _C/ dS/ duG(s,u)z.
0 0 pd

Note that
Q;(m)
sup {Q%)= ) (3.5)
Gecr@r) 4c
Lemma 3.8 There exists a constant Cy = Co(k) > 0, such that for everyi =1, ...,d, every

k=0,...,d, and every function G in C>°(27)

1
lim sup N log E,y [exp{NdeCO (nN,k)” < Cy.

N—oo
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Proof Applying Feynman-Kac’s formula and using the same arguments in the proof of
Lemma 3.3, we have that

1 T
Wlog Ey [GXP{N/ ds Z T (5)) = L (Nx—e; (S)))G(SJC/N)”
0 XED%
is bounded above by
1 T

— )»ivds,
Nd f,

where AY is equal to

m;p{{ > T(()) = I(n(x — e)))G(s, x/N), f> + N LWV T ﬁw],

Dd

where the supremum is taken over all densities f with respect to vY. By Proposition 3.2,
the expression inside brackets is bounded above by

N?
CN? -5 P W () + Z {NG(S X/N)/ Ie(nx) = Le(Nx—e)1f (v, (dn)}

xEDd

‘We now rewrite the term inside the brackets as

You { / NG(s.x/N)n(x.v) = n(x e,«,v)]f(n)viv(dn)}. (3.6)

vey xeDd

After a simple computation, we may rewrite the terms inside the brackets of the above
expression as

NG(s. x/N) / [, v) = nx — e, 1Y @)
— NG(s.x/N) / nGe.v) £y dn)

— NG, x/N)fn(x v) £ () V"y YN (dy)

X,V

ZNG(S,X/N)/n(x,v)[f(n) — fOr et )Y dn)

+ G/”(x, v) )N [1 - M}

Vv

<G(s,x/N)? / Fa s dn)

1 e 0\ T
+3 / n(x,v) £ o) [N (1 - u)] vN (dn)
yX,U

1
+ Nz/ 2 [VF ey = F] v dn)
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+2G(s,x/N)? f e, ) (VEm) + VF =m0 )N dn).

Using the above estimate, we have that (3.6) is clearly bounded above by C; +C;G(s, x/N)?,
by some positive constant C; = C;(k), since y., is smooth and the fact that f is a density
with respect to v,ﬁv . Thus, letting Cy = C + C}, the statement of the Lemma holds. O

It is well-known that Q(sr) is finite if and only if m has a generalized gradient, Vr =
(0w, 7, ..., 0y,m), and

T
Q(n)zf / du|| V()| < oo.
0 D

In which case, Q(rr) = Q(n). Recall that the sequence (Qy)y defined in the beginning of
this section is tight. We have then the following proposition:

Proposition 3.9 Let Q* be any limit point of the sequence of measures (Q")y. Then,

T
E o+ U ds(/ ||Vp(s,u)||2du>]<m,
0 D
T
E o [/ ds (f ||Vpk(s,u)||2du>]<w.
0 D4

Proof We thus have to prove that the energy Q(sr) is almost surely finite. Fix a constant
Cy > 0 satisfying the statement of Lemma 3.8. Let {G,, : 1 <m <r} be a sequence of func-
tions in C§°(27) (the space of infinitely differentiable functions vanishing at the boundary)
and 1 <i <d, and 0 <k <d, be integers. By the entropy inequality, there is a constant
C > 0 such that

and

1
E, [I?ﬁg,{gfgo(n]v’k)}] <C+ N7 log EUKN [exp{Nd 1?32,{9%0(”1\]’]()}”'
Therefore, Lemma 3.8 together with the elementary inequalities

lim sup N~ log(ay + by) < limsup max{lim sup N~ log(ay), limsup N~ log(bN)}

N—o00 N—oo N—o00 N—oo

and exp{max{xy, ..., x,}} <exp(x;) + - - -+ exp(x,) imply that

Ep- [lr;'z}g{Qfg’o (nN»k)}] = lim E, [11;1’3;(,‘{ Qfgo (nN,k)}]
< C + Cy.
Using this, (3.5) and the monotone convergence theorem, we obtain the desired result. [J

3.7 Proof of Theorem 2.1

Note that all limit points Q* of (Qy)y are concentrated on absolutely continuous measures
with respect to the Lebesgue measure since there is at most one particle per site, that is,

O*{m; nk(du) = pi(u)du, forall 0 <k <d} =1,
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where 7% denotes the kth component of 7 and py = p.
For k =0, ...,d, denote, again, by n,k’N the empirical measure associated to the kth
thermodynamic quantity:

1
T DR AN QI
XED%

k,N.by— .. .
Further, denote by n,k NP1 and " "N~! the empirical measures associated to the kth ther-

modynamic quantity restricted to the boundaries:

) 1
n_tk,vaz — Z Ik(nx(l))(sx/N’

Nd—l
xeD‘,{,
x1=i
fori=1,N —1.
To compute £N(rr,k‘N, H) for this process, we note that £ Ix(n,) vanishes for k =
0,...,d, because the collision operator preserves local mass and momentum.

Since, in our definition of weak solution we considered test functions H vanishing at
the boundary, that is, H(x) =0, if x € {0, 1} x T9-! we assume that H vanishes at the
boundary as well.

Now, we consider the martingale

t
MY =N HY — ey N H) — / N?Ly(zEN | H)ds,
0
which can be decomposed into
t
MmN = (xfN HY — (g H) - / N2L N kN | Hyds (3.7)
0
t t
— / N2LS (akN | Hyds — / N2LE (5N H)ds. (3.8)
0 0
We first prove that
t
/ N2 (xbN | Hyds (3.9)
0
vanishes as N — 0o. A simple calculation shows that

N>Lyn(x,v) = N [oy(X/N) —n(x,v)], ifx; =1,

and
N*Lin(x,v) = N [B,(E/N) —n(x,v)], ifx=N—1.

Since H vanishes on the boundary, H((x +¢;)/N)=0ifx; =N —1,and H((x —e;)/N) =
0 if x; = 0. Then, we have the equalities NH(x/N) = Bj‘l’H((x —e1)/N), if x; =1, and
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NH(x/N)= —aNH(x/N) if x; = N — 1. Therefore, we obtain

X —e
N2L (N | H) Nd -y ka[ (—)—n(x,v)]afl’H(Tl)
Dd vey
x1:l

| i
Y Zuk[;e(%)—n(x,u)]aﬁﬂ(%). (3.10)
XED% veV
x1=N-1

‘We now use the last computation together with Lemma 3.3 to conclude that (3.9) vanishes
as N — oo.

Further, after two summations by parts of the integrand on the right-hand term of (3.7),
we have that

1

t
—/ (75N Ay H)ds

t
/-Nzﬁfj"l(ns’_"N,H)ds=
0 2 0

M H) — (8 H),

> Uy ’ YUy

and after one summation by parts on the right-hand term of (3.8), and noting again that H
vanishes at the boundaries, we have that

/Nz ex2 kN H / (axH)(%)TXW:]];SdSs

where 1, stands for the translation by x on the state space Xy so that (t,n)(y,v) =n(x +
y,v) forallx,y e Z¢, v eV, and W "¢ is given by:

W= "we ) pz 0)z;n:0, 01 — 1z, )],

vey zez7d

where vy = 1. Since p(-, v) is of finite range,

EN[W]=) v x 0,0)),
veY
where x(a) = a(l — a). Now, note that Evy(ﬂ()ﬁ v)) = o, (x/N) if x € {1} x ']I"i,_1 and
En(n(x,v))=B,(x/N)if x € (N — 1} x T{".

We then apply Lemma 3.7 to write the martingale in terms of the empirical measure. Fur-
ther, we apply the replacement lemma for the boundary (Lemma 3.3) to obtain that all limit
points satisfy the integral identity in the definition of weak solution of the problem (2.4).

Using the previous computations and the tightness of the sequence of measures Qy (for
more details see [14, Chap. 5]) we conclude that all limit points are concentrated on weak
solutions of

1
0. P+ 5[0 VX@(Ap, p)] =S A, ).

vey

with boundary conditions, given in the trace sense, by

(p, p)(t,x)=a(F), forxe{0}xT !, (3.11)
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and
(o, p)(t,x) =b(F), forxe{l}x T, (3.12)

where a(-) and b(-) were defined in (2.3), and vy = 1. The uniqueness of weak solutions
of the above equation implies that there is at most one limit point. Moreover, by Propo-
sition 3.9, each limit point of (Qy)y is concentrated on a vector of measures with finite
energy, that is: whose components have densities with respect to the Lebesgue measure that
belong to the Sobolev space H'(D?). This completes the proof of the theorem.

4 Proof of the Replacement Lemma

As mentioned in the Sect. 3.5, we only have to prove this result for the process without the

boundary dynamics. In this case, we have a product invariant measure given by vf)‘{ o

N SN
t

Let u™(T) be the Cesaro mean of , namely:

1 T
MN(T)=—/ WS,
T Jo

and let ?ITV . be the Radon-Nikodym density of u™ (T) with respect to v;)\f »- We have that

the Dirichlet form of ?y,k, Dy (7%, v ), is bounded by CN?~?/2T, where C is some
constant. Therefore, to prove the replacement lemma, it is enough to show that

. . 1 j
lim sup lim sup sup / i Z T Vi () f v} ,dn) =0.

e—0 N—oo D/v(f,vp,p)<CN‘[*2 XGD%

From now on we will simply write the Dirichlet form of a function f with respect to the
measure V/]:,,p as Dy (f).
To prove the replacement lemma, we will prove the one and two block estimates:

Lemma 4.1 (One block estimate) For every constant C > 0, for 1 < j <d and for 0 <
k<d:

. . 1 j

lim sup lim sup sup / ~7 E (T« ng’k)(ﬂ)f(ﬂ)vé\{p (dn) =0,
=00 Nooo py(pzcni-2d N =

’ N

where V/"k(n) was defined in Lemma 3.7.

Lemma 4.2 (Two block estimate) For every constant C > 0, for 1 < j <d and for 0 <
k<d:

1
lim sup lim sup lim sup sup sup /—d Z ‘Ie(x—i-y)—INE(x) f(”)":;v.p=0’
{—o0 €0 N—00 Dy(f)<CN4-2y€AeN N vend
N

where I¢(x) was defined in Sect. 3.4.
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4.1 Proof of One Block Estimate

‘We begin by noting that the exclusion rule and the fact that V is finite prevents large densities
or large momentum on 7 £0).

We have that the measure v
on one block estimate as

. 1 j )
/ VZ’"(W(W oS )(n)va,p(dn>= / viton Ty,

d
xeDy

N

op is translation invariant. Therefore, we can write the sum

where f stands for the space average of all translations of f:

_ 1
Fon =7 D wfon.

d
xeDyy

Denote by X, the configuration space ({0, 1}Y)*¢, by £ some configuration on X, and
by vﬁ’ p the product measure v/’)‘f p Testricted to X,. For a density f : Xy — R, f stands for
the conditional expectation of f with respect to the o-algebra generated by {n(x,v): x €
Ay, v €V}, that is obtained by integrating all coordinates outside this hypercube:

1
fe(xi) = o e / l{n:n(z.v):é(z,v),zeAg.uev}f(n)”,l,\{p(dn),
vy &)

for§ e Xy,

Since V/ 'k(n) depends on the configuration n only through the occupation variables
{n(x,v) :x € Ay, v € V}, in the last integral we can replace f by f,. In particular, to prove
the lemma it is enough to show that

limsuplimsup  sup / V/"(s)ﬂ(s)vﬁ,p(ds):o. 4.1

{—o00 N—00 DN(f)fCNd’z

We will now compute some estimates on the Dirichlet form. Let (-, -), be the inner prod-
uct in L2(v). For positive f, denote the Dirichlet form of f as:

Dy (f) = =V f (L5 + LDy,

= (VI LY Py, = VLT Py, = WLy,
= Dni1(f)+ Dno(f) + Dy.c(f).

We have that
Dyi(f)= Y I,
x,zeD%
|x—z|=1
1
— 2)
Dya(H= D 12
x.st‘jfl
and

Dy.(f)= Y 1),

d
xeDy
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where
10(f) = f WGy — T Pu @),
vey
1200 =Y [ pe oW/ FarT = Ty )
veVY
and

19H=%" / PG, TG — FaPu ().

qeQ

Since the Dirichlet form is translation invariant and convex, we have that Dy (f) < Dy (f).
Now, let

1
D= 3 P+ Y SLP W+ Y 1Owm),
X,2€Ay x,2€Ay xXeAy
[x—z|=1

0.0 () o N . ‘ . . .
wher.e .each 1% equals .1 Y with v, , replacing v, ,. By using Schwarz inequality and the
definition of f;, we obtain that

IeWGF) <18, 122 <12 and 17O < 1)
for every x, z € A,. Therefore,

Dz(?g)f Z I(l)(f[)_|_ Z 1(2)(fy)+ Zl(c)(f)

x,2€Ay X, ZEAg xelAy
lx—z|=1

On the other hand, by translation invariance of f, I{")(f) = Ix('+)v (D 12D =
12, .+, () and 19 (f) = 1§ (7). Hence,

¥ d ) 2¢ + 1) @) ©

D'(f) = @t+1) Zl N+ = YIS + e+ )P

i=1 YEA,

(f+ )

N (D1 (f) + Dy 2(f) + Dy ().

Since the Dirichlet form is positive, Dy (f) < CN?~2 implies that Dy (f) < CN?72,
Dyo(f) <CN'and Dy .(f) < CN2. Thus,

D'(f,) <3CQL+ 1)IN"2:=Cy(C, )N 2.

Therefore, the Dirichlet form of f, vanishes as N 1 oc. Hence, by (4.1), to prove the one
block estimate we must show that

lim sup lim sup sup / Vej’k(é)f(é)vﬁ,p(dé) =0 “4.2)

t—=oo  N—oco DE(f)<Cy(C,e)N~2

with the supremum carried over all densities with respect to v/’;" .
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We will now take the limit as N 1 oco. To do so, we note that sz * < Cy, where C is
some constant, and therefore

/ VI @© FEWY dg) < C).
Xe

This subset of M (X,) is compact for the weak topology, and since it is compact, for
each N, there exists a density fy with Dirichlet form bounded by CoN ~2 that reaches the
supremum. Let now N, be a subsequence such that

lim / vz‘ka,l(sw,‘;,,,(dé)=liLnsup / VIR E) f @ (k).

To keep notation simple, assume, without loss of generality, that the sequences N, and
N coincide. By compactness, we can find a convergent subsequence fy, . Denote by f the
weak limit. Since the Dirichlet form is lower semicontinuous

D*(fa) =0.

Moreover, by weak continuity,

lim / V@) i, ©)VE,(dE) = / VIE) fro @V, (dE).

In conclusion, expression (4.2) is bounded above by

limsup sup /V/’k(é)f(é)vf)yp(dg).

{—oo0 pt (f)=0

We will now decompose along sets with a fixed number of conserved quantities.

Recall that 9, is the set of all possible values of IX(0) when 7 runs over ({0, 1}V)AL.
Further, U, is finite. Furthermore, consider for each i in U, the canonical measure vy, ;
defined in Sect. 3.4; and moreover, recall that

VaL,i () ZMfL (- ‘IL =i).

A probability density with Dirichlet form equal to zero is constant on each set with a
fixed number of conserved quantities. It is convenient therefore to decompose each density
f along these sets. Thus

f VIE@ FEWY dE) =" Ti(f) / Vv (dE),
J€By
where,

T(f) = / L f©V],  (dE).

Since ) JeMu () T;(f) =1, to conclude the proof of the one block estimate, we must
show that

limsup sup /sz’k@)vz,j(df) =0.

t—o0 jeU,
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Since the measure vy ; is concentrated on configurations with conserved quantity j, the last
integral equals

/’(2“])[, 22w ) Py (hE 2 v) = D v E i Lh(E er, )] |ve j(dE).

yeAy vev z vey

where h(&, z,v) =£(0, v)(1 — &(z, v)).

Fix some positive integer n, that shall increase to infinity after £. Decompose the set A,
in cubes of length 2k + 1. Consider the set A = {(2n + 1)x, x € Z?} N A,_, and enumerate
its elements: A = {xy, ..., x,} in such a way that |x;| < |x;|fori < j.For1 <i <gq,let B; =
X + A,,. Note that B,‘ N Bj =@ifi ;ﬁ‘] and that Ulsiqui C A[. Let B() = A[ - UlgiSqBi~
By construction |By| < Kné?~! for some universal constant K. The previous integral is
bounded above by

IBI

|A[|f‘2 <|B|ZZP(Z v)z;Ty(h(§, 2, v)) — v]E [h(E, el,v)])

YEB; z

Ve, j(d§).

Since |By| < Knt™', 3 v&(0,v)(1 — £(z,v)) has mean Y vix(8,(A(j))), and
| ZzeB,- p(z,v)z;| is bounded, the sum is equal to

| Anl
|Ael =

> <|B|22p(z 027, (h(§.2,)) = v, E s [h(E, el,vn) v, (d§)

yEB; Z

plus a term of order O(n/¢). Since the distribution of {£(z, v); z € B;, v € V} does not de-
pend on i, the previous sum is equal to

Ue,j(di:)

1
. vk(m yg\: ;P(L v)z;Ty(h(§,z,v)) — UjEVf, [h(, e, U)])

plus a term of order O(n/¢).
Now, let 5 be the product measure on ({0, I}V)Zd with marginals given by

ua{n in(x, ) =&} =my(§),

for each & € {0, 1} and x € Z?. Therefore, E ¢ [£(0,v)(1 — &(e1, v))] = E, [0, v)(1 -
&(e1,v))], where v; = pa(j). Moreover, if in thej equivalence of ensembles we choose L =
L) =|C(,V)], where C(£,V) is the constant given in the equivalence of ensembles, we
can replace the canonical measure by the grand canonical measure paying a price of order
0¢(1). Therefore, we can write the previous integral as

1
/‘gw(W yg ZZ:P(Z, v)z;Ty(h(§,2,v)) — vjEvj [h(E, ey, v)]>

Ve (d8)

plus a term of order o,(1). We now note that v; equals vf on Ay. Then, the integral can be
written as

v;(d§)

((2 +1)7 Z D P 0Ty (hE 2, v) — v Ey h(E, elv”)])
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plus a term of order o,(1). Let now,

Z <(2 _|_1)d ZZP(Z v)z; Ty (h(§, 2, ) — U]Evj[h(%_ el,U)])‘

vey

gj)=

but we know that Evj [h(E, e, v)] = x(B,(A()))), then,

gj) =

1 .
> w(m ZA Z P )77, (h(E, 2,v) — vjx(evm(n))) ‘

vey

Now, ({0, l}V)Zd is compact on the product topology, and also, all the marginals of v; con-
verge to the marginals of v, ,, when j — (p, p) as £ — oo. Then, v; converges weakly to
v, p- Further, since g;(§) — g, (&) for every &, we have from Theorem 5.5 of Billingsley
[6], that

/ g E;de) =3 [ g, pE)v, (dE),

this convergence being uniform on compact subsets of R, x R¢. Then, since the remainder
term is oy (1), the limit as £ — oo and j — (p, p) is

/‘(2n+1)d DD u ) 2@ v hE 2, v) — Y v 0y(Ap, p)))|v, p(dE).

YEA, VEV z vey

On the other hand, as k 1 oo, by the law of large numbers, this integral converges to 0.
Therefore, the one block estimate is proved.

4.2 Proof of the Two Block Estimate

To prove the two block estimate, it is enough to show that

lim sup lim sup lim sup sup sup / i |Ié(x) —I‘(x + y)|f(77)vll)vp(dn)
{—00 e—0 N—00 Dy (f)<CNA=2ye(Aen\Ag) N eD‘I '
—0. 4.3)

As for the one block estimate, we can rewrite this integral as
[ 110 = ol Ty @n.

where f stands for the average of all space translations of f. I°(0) and I¢(y) depend of the
configuration 7 only through the occupation variables {5 (x,v) : x € A, ¢, v € V}, where

Aye={—C, ..., 00" Uly+{—¢,...,0}"].

We now introduce some notation. For positive integer £, let X>* denote the configuration
space ({0, 1}")""» x ({0, 1}V )Ae, £ = (&1, &) the configurations of X** and the product
measure v} restricted to X>¢ (which does not depend on N) by v Denote by f,.,
the conditional expectation of f with respect to the o-algebra generated by {n(x,v): x €

Ay_(, [UAS] V}
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_Since I¢(0) and I'(y) depend on n(x, v), for x € A, ¢ and v € V, we may replace 7 by
fy’z, and then, we can rewrite (4.3) as

. . . ] r
limsuplimsuplimsup  sup sup /W Z |E1(0) — Eé(o)’fy,e(é)vﬁjep(d‘f)
=00 €0 N—00 Dy(f)<CNA—2ye(Acy\Ag) reDd
N
=0,
where

1
Elx)=— > IG).
|AZ| zEX+A
EX ¢
Now, we need to obtain information concerning the density 7),4 , from the bound on the
Dirichlet form of f. Then, let D>* be the Dirichlet form defined on positive densities 4 :
Xz’é — R+ by

D*'(h) = I§ y(h) + D{(h) + D5(h),

where,
1 1
D) =Y / [ >o5twy 2 & v)}[ R, 62) — VhE) V2L (d8)
vey X,2€Ay x,2€Ay
[x—z|=1
+> ) / P, q. ED[hE &) — VRE V2L @8),
xelAg vEV

1 1
Dih) = / [ o5ty o p(z,v)}[\/h(sl,s;““%—\/h(s>]2v,%;ﬁ,<ds>

vey ‘x,je‘/:@l X,2€Ay
+ 22 [ pa sl i - O o)
xeAg VEV
and,
1 1
Io) =3 / [Z Sty P v)][ hE 8T = VRE] v d8)
vev lz]=1
+> f PO, q. ED[\hE &) — VRE) V2L (d6)
vey
1 1 v 0w ,
+ Zv / [..2 Sty P v)][ (P, 697" — hE) 2 (d8)
+> f PO, q. ED[\h (&1, &) — VhE) 2L 8,
vey
where

0.+ _J&O,v)£1, ifx=0andw=v,
T xw) = {S,- (x, w), otherwise.
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This Dirichlet form corresponds to an interacting particle system on (V x A,) x (V X Ay),
where particles evolve according to an exclusion process with collisions among velocities
on each coordinate and where particles from the origin of one of the coordinates at some
velocity can jump to the origin of the other at this velocity and vice-versa.

Using the same idea as for the one-block estimate, we can prove that

D{(f,,) <Dy(f) and Di(f,,) <Dy(f).
and hence,
D{(f,)+ D5(f,,) <2CoN 72,

for every density f with Dirichlet form Dy (f) bounded by CN 4=2 Tt remains to be shown
that we can also estimate the Dirichlet form I(fi,o( JSy.¢) by the Dirichlet form of f.
‘We begin by noting that

I o(h) = Iy (h) + 175 ().

where,
1 1 2
Iy (h) = Z[Z >+ Np(z, v)} [/[ h(ED T, EXTT) —«/h(g)]
veV =z|=1
2
+[ h(E T, &) —JWS)] vﬁ;i,(d@}
and

2
Lam=Y" / PO, &) [y hE. &)~ Vh©®) | v @e)

vey
Y f p0.q.60[ /e &) — VR@®) | V24 @),
veV

Then, a simple calculation shows that
Iy5 (F .0 <2057 ()

and therefore I(fg (7},, ;) is also of order N 2. We then have to obtain a bound for I(f,'ol (7},’ 0-

Following the same lines used to prove that I ljéj )(75) <I )51) (f) in the proof of the one
block estimate, for j = 1, 2, ¢, we have that each density f, with respect to V:;V. » I(fg f , o)
is bounded above by:

22 [ S+ g ] [[Viorn - JTalyan. s

veV =z|=1

Let (xx)o<k<|y be a path from the origin to y, that is, a sequence of sites such that the
first one is the origin, the last one is y and the distance between two consecutive sites is
equal to 1:

x =0,  x=y and |x4 —xl=1 foreveryO0<k<|yll—1,
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Il - Il is the sum norm:

Nyl =Y Iyl

I<i<d

Let 7,, --- 7, () be the sequence of nearest neighbor exchanges that represents the path

along xy, ..., x;. Then, by using the telescopic sum
liyli—1 k k—1
VI == ( f(]_[ T, (n)) - f(]_[ T, (n)))
k=0 i=1 i=1

and the Cauchy-Schwarz inequality

liyl—1 2 liyli—1
da) <yl Y] 4,
k=0

k=0

we obtain that (4.4) is bounded by

lyll— k k—1 2
22[2 += p(z v)]mymz[ ?(]‘[rxxn))— ?(]‘[rx,(n)ﬂ vl (dn)
i=1 i=1

veV =z|=1

llyll—1
<2227y Z L (D

Since f is translation invariant, for each k, I et f) = I)f:lrz etz (f) for all z € 27,
Hence, I;Al)Xk 1(f) < N~“Dy(f). In particular,

Lo (F ) <22V IPN Dy ().

Recall that y € Ay, and hence |y| <2Ne, | -| is the max norm. Then, ||y|| <d|y| <2dNe.
Since the Dirichlet form is assumed to be bounded by C N¢~2, we have proved that

IEN T, 0 <2 dPce.

We have, therefore, proved that for every density f with Dirichlet form bounded by C N9~—2
and for every d-dimensional integer with max norm between 2¢ and 2Ne,

D*(f, ) < Ca(C.d, 0.

We can now restrict ourselves to densities f such that D”(fv_ ) < C»€2, that vanishes as
€ | 0. In particular, to conclude the proof, it is enough to show that

limsuplimsup  sup / |E4(0) — E40)] f (§)v2(d€) =0,

tmoo €20 p2L(f)<Cye?

this time, however, the supremum is taken over all densities with respect to v2 ¢ . The rest
of the proof follows the same lines as the ones in the one block estimate, beglnmng by
decomposing the Dirichlet form along the sets having fixed conserved quantities and then
applying the equivalence of ensembles. Therefore, the two block estimate is proved.
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5 Uniqueness

To conclude the proof of the hydrodynamic limit, it remains to be proven the uniquenesses
for the solutions of problems (2.4) and (2.4). The strategy we used to prove this result was
employed by Oleinik and Kruzhkov [19] and is due to Yu. A. Dubinskii.

Let v and w be two weak solutions to the problem (2.4), corresponding to the same
initial function vy. Fix some j =1,...,d + 1, and let H; € C"([0, T] x D) be such that
H;(T,u) =0, for all u. Then the integral identity for v —  holds:

T
1 2
/0 dt/Dddu(vj —w_,»)[a,Hj +5 > 3ul_H]-:|

1<i<d

T
+/0 dr/ddquﬂgv(v)—gv(w)) > vid, Hy =0, 5.1)
D

vey I<i<d

where g, (v) = x(6,(A(V))), vj, w; and H; are the components of v, w and H, respectively.
If v; = w;, we already have what we want, thus, suppose v; # w;. Introducing the notation

i gv(v) - gv(w)
pl="

we have that we can write (5.1) as

T 1 .
/0 dt/Dddu(vj —w,z)[a,HijE DR H+Y vipl > uiauiHj] =0. (52)

1<i<d veV I<i<d

Now, let 8" be a sequence of smooth functions which converge in L2([0, T] x D%) to 8/,
as m — 0o. We denote by H" (¢, u) the classical solution of the equation

m 1 2 m jm m
UH;" + = Do GH] Y B Y vid, H =,
I1<i<d vey l<i<d 5.3)

H!'(T,u)=0,  H'(0,u)=0,

where @; is a smooth function finite in [0, 7] x D*. For more details on the solutions of
partial differential equations of the parabolic type, the reader is referred to Friedman [13],
and for details on solutions of systems of linear partial differential equations of the parabolic
type in general, the reader is referred to LadyZenskaja et al. [16].

Now, if we replace H; in (5.2) by HJ’-” and use (5.3), we obtain:

T T

/ dt/ du(v; —w,-)cbj+/ dt/ du(v; —w,-)[zu,(ﬂg —BI™ Y BMiH}”] =0.
0 D 0 Dl vev I<i<d

5.4

Finally, since we are in a compact domain and the coefficients ﬁv”” are smooth, we

have that there exists an M > 0 such that |H ;”| < M. Since these coefficients converge in

L2([0, T] x D), the constant M may be taken to be independent of m. Multiplying (5.3)
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m . . d . .
by H}", integrating over [0, T'] x D, and then integrating by parts, we have that

/ dt/DdduZ (aaz:n> / dt/ du(Zv,ﬂf’”H’” Z v; 9, H}" — q)H’”)

vey 1<i<d

2 pd “ Y ’

On applying the elementary inequality |ab| < ea® + b?/(4€) and using that |H"| <M, we

obtain that
f 2
/ dt/ du ( ) <C,
b o ou;

where C is a constant that may depend on M and &, but not on m.

Therefore, by applying the Cauchy-Schwartz inequality and using that 8/ converges to
,B-Uf in the L%-norm, we see that the second term on the left-hand side of (5.4) tends to zero
as m tends to infinity. This implies that for every € > 0 there exists m such that the absolute
value of the second term on the left-hand side of (5.4) is less than £. We, then, have obtained
that

T
Ve>0: dt du(vj —w;)®;
d

T

and hence, foreach j =1,...,d + 1, v; = w;. Therefore v = w.
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